We observe that the existence of a converging canonical transformation in (C 2n , 0) putting a given holomorphic Hamiltonian system vanishing at 0 into Birkhoff normal form is equivalent to the existence of an effective system-preserving Hamiltonian torus T n−q -action in a neighborhood of 0 in C 2n . Here q is the degree of resonance (q = 0 for nonresonant systems). We then use Abelian integrals to show the existence of torus actions for completely integrable systems, thus proving the existence of converging Birkhoff normal forms for such systems.
Introduction
In this note we are concerned with the normal form of a Hamiltonian system near an equilibrium point. Let H : U → C be a complex analytic function defined on an open neighborhood U of the origin in C 2n , and assume that H(0) = 0 and dH(0) = 0. Denote by H = H 2 + H 3 + ... the Taylor expansion of H, where H k is a homogeneous polynomial of degree k for each k ≥ 2. The algebra of quadratic functions on C 2n , under the standard Poisson bracket, is naturally isomorphic to the simple algebra sp(2n, C) of infinitesimal complex linear symplectic transformations in C 2n . In particular,
where H s (resp., H n ) denotes the semi-simple (resp., nilpotent) part of H 2 . There is a complex linear canonical system of coordinates (x j , y j ) of C 2n such that
γ j x j y j where γ j are complex coefficients.
Denote by R ⊂ Z n the sublattice of Z n consisting of elements (b j ) such that b j γ j = 0. The dimension of R over Z, denoted by q, is called the degree of resonance of H. If q = 0 then we say that H is nonresonant, and if q = 1 then we say that H has a simple resonance. Let µ (n−q+1) , ..., µ (n) be a basis of the resonance lattice R. Let ρ (1) , ..., ρ (n) be a basis of Z n such that n j=1 ρ It is well-known that, formally, any Hamiltonian function H = H 2 + H 3 + ... can be put into Birkhoff normal form. In other words, there is a formal canonical transformation of the system of coordinates, (x,ỹ) = φ(x, y) = (x, y)+ terms of order ≥ 2, which we will call a Birkhoff canonical transformation, such that in these new coordinates we have γ j x j y j nonresonant implies that H can be written as a function of n variables t j = x j y j (j = 1, ..., n), and t j are commuting first integrals for H. However, Birkhoff normal forms are only formal in general, and Hamiltonian systems are non-integrable in general (see e.g. [7] ).
One is interested in finding necessary and sufficient conditions for the existence of a converging Birkhoff canonical transformation. When H is nonresonant or has only a simple resonance, then it is easy to see that converging Birkhoff transformations imply complete integrability. A natural question arises: is integrability also a sufficient condition ? In the nonresonant case, this question has been answered positively by Vey [9] (under a stronger condition, involving not only the Hamiltonian function but the whole moment map) and Ito [4] . Another proof is given by Stolovitch [8] . The case with a simple resonance has been treated positively by Ito [5] and Kappeler, Kodama and Némethi [6] . The methods used in these papers are very analytic in nature (fast converging method, delicate estimates), and could not be extended to the case with two or more resonant relations (see [6] ). When the degree of resonance is q ≥ 2, then holomorphic Birkhoff normal forms have only n − q additional commuting first integrals in general, not enough for complete integrability (see e.g. [2] for an example), so complete integrability is not a necessary condition in this case. Howerver, we will show that it is still a sufficient condition. This note arises from two simple observations. The first is that the existence of a converging canonical transformation in (C 2n , 0) putting a given holomorphic Hamiltonian system vanishing at 0 into Birkhoff normal form is equivalent to the existence of an effective system-preserving Hamiltonian torus T n−q -action in a neighborhood of 0 in C 2n . The second is that when the system is integrable we can find torus actions by using Abelian integrals and topological arguments. The first observation is quite obvious in fact, and the second observation has already been used in some of our previous papers (see e.g. [10, 11] ). As a result, we have, with the above notations:
Theorem 1.1. The following two conditions are equivalent:
i) The exists a holomorphic Birkhoff canonical transformation of coordinates (x ′ , y ′ ) = φ(x, y) for H in a neighborhood of 0 in C 2n .
ii) There exists a Hamiltonian torus action of T n−q , in a neighborhood of 0 in C 2n , which preserves H, and whose linear part is generated by the Hamiltonian vector fields of the functions
Theorem 1.2. Suppose that H admits n commuting functionally independent holomorphic first integrals in a neighborhood of 0 in C 2n . Then there exist local holomorphic canonical coordinates (x j , y j ) in a neighborhood of 0 in C 2n , such that in these coordinates we have {H,
The proof of Theorem 1.1 is quite evident and is given in Section 2. The proof of Theorem 1.2, given in the subsequent section, is based on Theorem 1.1 and the following ideas: the existence of torus actions follows from the existence of 1-cycles on the "Milnor fiber" of the moment map which are invariant under the "monodromy". And the existence of such cycles follows from the existence of a holomorphic Birkhoff normal form up to an arbitrarily high order.
As mentioned above, when q = 0 or q = 1, Theorem 1.2 is not new, though our proof is new. The real analytic case is not treated in this note, though we think it is doable via the usual "unitary trick". The smooth nondegenerate case (especially the case with elliptic singularities) has been studied by Eliasson [3] and Dufour and Molino [1] , using different methods (division theorems, blowing-ups, path method, etc.). As observed by these authors, a local smooth torus T n -action exists in the smooth nondegenerate elliptic case. We are not sure if our method can be extended to the smooth case.
Real Hamiltonian actions in complex spaces
We write
are two real symplectic forms which are related to each other by ω ′′ (., .) = ω ′′ (., J.), where J is the operator of the complex structure.
A local real vector field X in C 2n = R 4n will be called Hamiltonian if it preserves the complex symplectic structure:
is a holomorphic function, then it is easy to see that the real part of its Hamiltonian vector field, ℜX f , where
, is a real Hamiltonian vector field. The inverse is also true: if X is a real Hamiltonian vector field, then it follows from L X ω ′ = iL X ω ′′ = 0 and ω ′′ (., .) = ω ′′ (., J.) that X also preserves the complex structure. If we denote by f ′ and f ′′ real-valued functions such that X is the Hamiltonian vector field of f ′ and f ′′ with respect to ω ′ and ω ′′ respectively, then it is easy to see that
Thus we can talk about real Hamiltonian actions in complex symplectic spaces. They will be automatically analytic. In particular, we can talk about periodic Hamiltonian functions: a holomorphic function f in a neighborhood of 0 in C 2n is called a periodic Hamiltonian function if the real part of its Hamiltonian vector field is a periodic real Hamiltonian vector field. For example, x 2 1 + y 2 1 is a periodic Hamiltonian, and iF (k) , where F (k) = ρ (k) j x j y j as before, is a periodic Hamiltonian.
If f and g are two holomorphic functions, then {f, g} = 0 if and only if the real part of the Hamiltonian vector field of f preserves g. Indeed, we have {f, g} =
, then {H, F (k) } = 0 for k = 0, ..., n − q, and therefore H is preserved by ℜX iF (1) , ..., ℜX iF (n−q) . But ℜX iF (1) , ..., ℜX iF (n−q) generate a Hamiltonian linear T n−q -action, so H is preserved by this torus action.
Conversely, if there is a Hamiltonian torus action with an appropriate linear part which preserves H, then using standard linearization procedures for compact group actions (see e.g. [?]) ????, we obtain a holomorphic canonical transformation of coordinates under which the action becomes linear (and is generated by iF (1) , ..., iF (n−q) ). Since this action preserves H, it follows that {H, H s } = 0. Theorem 1.1 is proved.
Construction of torus actions
In this section we will prove Theorem 1.2 by finding local Hamiltonian S 1 -actions which preserve the moment map of a given completely integrable system. The Hamiltonian function generating such an action will be a first integral of the system. And if we find (n − q) such S 1 -actions, they they will automatically commute and give rise to a Hamiltonian T n−q -action.
Denote by G = (G 1 = H, G 2 , ..., G n ) : (C 2n , 0) → (C n , 0) the holomorphic moment map germ of a given integrable Hamiltonian system. Let ǫ 1 > 0 be a small positive number such that G is defined in the ball {z = (x j , y j ) ∈ C 2n , |z| < ǫ 0 }. We will restrict our attention to what happens inside this ball. The real and imaginary parts of the Hamiltonian vector fields of G 1 , ..., G n are in involution and define an associated singular foliation in the ball {z = (x j , y j ) ∈ C 2n , |z| < ǫ 0 }. Similarly to the real case, the leaves of this foliation are called local orbits of the associated Poisson action; they are complex isotropic submanifolds, and generic leaves are Lagrangian and have complex dimension n. For each z we will denote the leaf which contains z by M z . Recall that the moment map is constant on the orbits of the associated Poisson action. If z is a point such that G(z) is a regular value for the moment map, then M z is a connected component of G −1 (G(z)).
Denote by
the singular locus of the moment map, which is also the set of singular points of the associated singular foliation. What we need to know about S is that it is analytic and of codimension at least 1, though for generic integrable systems S is in fact of codimension 2. In particular, we have the following inequality (see e.g. [?]) ???? : there exist a natural number N and a positive constant C such that
for any z with |z| < ǫ 0 , where the norm applied to dG 1 ∧ ... ∧ dG n (z) is some norm in the space of n-vectors, and d(z, S) is the distance from z to S with respect to the Euclidean metric. In the above inequality, if we change the coordinate system, then only ǫ 0 and C have to be changed, N remains the same. For each m ∈ N, define the following open subset U m of C 2n :
where ǫ m is a sufficiently small positive number which depends on m and on our Hamiltonian system. For each k = 1, ..., n − q, we will define a so-called action function P (k) , holomorphic in U m , as follows.
Recall that, Hamiltonian systems, together with their first integrals, can be put into Birkhoff normal form up to an arbitrarily high order (see e.g. [4, 5, 6] ). In particular, there are n − q functionsF (1) , ...,F (n−q) , which in some holomorphic canonical system of coordinates (x j = x j + ...,ỹ j = y j + ...) have the formF (k) = ρ 
On the other hand we have
(Here we use the fact that d(z, S) > |z| m for z ∈ U m ). Combining the above estimations, we have
This last estimation implies that γ (k) 1 (z) is very close to M z . In particular, up to homotopy, there is a unique closed curve γ (k) (z) ⊂ M z which approximates γ (k) 1 (z). We then use the following Abelian integral to define P (k) :
x j dy j (so that dβ = dx j ∧ dy j is the standard symplectic form). The above integral formula is known as Arnold's formula for action functions.
Since M z is Lagrangian, the function P (k) (z) is well-defined, i.e. if we change γ(z) by another closed curve in M z homotopic to it, then the value of P (z) will not change. P (k) (z) is holomorphic in U m by construction, and it is easy to see that we can assume it to be bounded by 1:
It follows easily from the above construction that, if m 1 < m 2 are two natural numbers, then the function P (k) defined in U m1 coincides on U m1 ∩ U m2 with the one defined in U m2 . In other words, we can define an action function P (k) in U = ∪ ∞ m=1 U m . A small lemma in the following section shows that if we have a bounded holomorphic function in U = ∪ ∞ m=1 U m then it can be extended to a holomorphic function in a neighborhood of 0 in C 2n . Thus our action functions P (k) are holomorphic in a neighborhood of 0 in C 2n . It is easy to check that P (k) = iρ (k) j x j y j + higher order terms, and every P (k) is a periodic Hamiltonian functions. Now we can apply Theorem 1.1 to finish the proof of Theorem 1.2.
Holomorphic extension of action functions
The following lemma shows that the action functions P constructed in the previous section can be extended holomorphically in a neighborhood of 0 in C 2n . For simplicity, we write the lemma for the case of C 2 with coordinates (x, y) and "singular locus" S = {y = 0}, though the situation encountered in the previous section is more complicated but essentially the same. First we want to show that f 0 , f 1 , f 2 , ... are holomorphic in {ǫ 1 > |y| 2 }, i.e. they are regular at 0. For f 0 (y) there is no problem, because f 0 (y) = f (0, y) is bounded. To show that f m (y) is bounded near 0 for m > 0, we proceed as follows: for a given y with |y| < ǫ 2n , since f (x, y) is bounded by 1 in U 2m , we have |f m (y)| = |(1/2π) |x|=|y| 1/2m f (x, y)dx/x (m+1) | ≤ 1/|y| 1/2 . In other words, |f m (y)| does not grow faster than |y| −1/2 for y near 0. Such a dull growth for a holomorphic function outside 0 means that f m (y) is actually bounded.
By a reparametrization, we can assume that ǫ 1 > 1. Then it follows easily that f m (y) are uniformly bounded on the circle |y| = 1. Since they are holomorphic functions in {|y| ≤ 1}, they are uniformly bounded in this disk. Hence the series f 0 (y) + f 1 (y)x + f 2 (y)x 2 + ... converges in the cylinder {|x|, |y| < 1}.
Local fibration by the moment map
This section can be ignored because it is not used in the proof of our main theorems. But it will hopefully give some more insight into the problem.
Roughly speaking, via Abelian integrals, the existence of a local system-preserving S 1 -action for an integrable system is equivalent to the existence of an 1-cycle γ ∈ H 1 (M ǫ , Z) on a "Milnor fiber" M ǫ = G −1 (ǫ) of the moment map G = (G 1 , ..., G n ), which is invariant under the "holonomy" of the "Gauss-Manin connection". If the singularity is nondegenerate, or is degenerate but of corank 1, then such cycles can be found by topological methods (see e.g. [10, 11] ). However, some of our topological tricks fail in the case studied in this note. The main reason is that we don't know if we have a Milnor fibration (i.e. if the moment map gives us a locally-trivial fibration outside a set of complex codimension 1). If the moment map gives us a Milnor fibration, then everything will be fine.
We can't assume our singular points to be isolated (for integrable systems, they are non-isolated in general). We may assume that G −1 (0) is a complete intersection (thus restricting our attention to systems which are not "too degenerate"). There is a well-developed theory about complete intersections with isolated singularities, but very little is known about non-isolated singularities. Moreover, according to a theorem of Hamm, the Milnor fiber of a complete intersection with an isolated singularity is homotopic to a bouquet of spheres whose dimension is equal to the complex dimension of the fiber. But in our case, we are looking for 1-cycles, not n-cycles, so our situation is indeed very different from that of complete intersections with isolated singularities.
There is a so-called Thom condition, related to the "blow-up phenomenon" of germs of holomorphic maps, which is a sufficient condition for a complete intersection to admit a Milnor fibration. It is not clear to us how to check this condition for holomorphic moment maps of integrable systems. Nevertheless, let us pose the following question: Assume that all the singularities of a local holomorphic integrable system are clean in the sense that each preimage of the moment map has a natural stratification by the orbits of the associated Poisson action. Is it true that we always have a Milnor fibration then ?
